Furthest neighbours in space  by Csizmadia, György
ELSEVIER Discrete Mathematics 150 (1996) 81-88 
DISCRETE 
MATHEMATICS 
Furthest neighbours in space 
Gy6rgy  Cs izmadia*  
Courant Institute, New York University, New York, NY 10012, USA 
Received 22 January 1994; revised 18 February 1995 
Abstract 
A finite subset of the union of the polar axis and the equator of a sphere is called a suspension. 
We prove that if n points in 3-space determine the maximum number of furthest neighbours then 
they form a suspension. The exact maximum and the optimal arrangement are also given. This 
sharpens a result of Avis, Erd6s and Pach. 
I. Introduction 
Let X = {x  1 . . . . .  Xn} be a set of n points in R d. For xi C X,  let f (x i )  denote the 
number of points in X at maximal distance from xi. Let 
Fd(n) = mxax{f(xl ) + . . .  -t-- f (xn)}.  
Avis [1] showed that F2(2n) = 6n - 3. Edelsbrunner and Skiena [6] proved that 
F2(2n + 1) = 6n-  1. 
For d >t 4, it was shown by Avis, Erdfs and Pach [2] that 
Fd(n) = n2(1 1 -- ~d/2----- 7 +o(1) ) .  
For example, in 4-space the lower bound is given by the following construction of 
Lenz. Consider two circles of radius 1/v~ in the x-y  and z-w planes centred at the 
same point and lying in two orthogonal 2-planes. Choose [n/2J and Vn/2] points on a 
short arc of the first and second circle, respectively. 
The 3-dimensional case is somewhat similar. We need the following definition. 
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Definition. Let X be a set of  n points in R 3. We call X a suspension if it can be 
transformed into a point set X* by a suitable rotation, translation and scaling, for 
which 
x*c  2 + y2 :  l /u  : Rt}. 
Furthermore let C and A denote the circle and the axis (respectively) on which the 
suspension lies. Let Xc=C f~X, X~--A (~X, IX,.[ : c, [X~[ = a. 
Taking a suspension of  n points, half of  them on the circle, we obtain 
n z 3n 
~- -4- T < F3(n)" 
On the other hand it was shown in [2] that 
n 2 3n 
F3(n)~<-~ + -~- +c  
for a suitable constant c. 
In this note we determine the exact value of F3(n), when n is sufficiently large. 
Theorem. Suppose n > no. Then 
(a) /f n ~ 0 rood 2 then F3(n) = n2/4 + 3n/2 + 3; 
(b) t fn  ~ 1 rood 4 then F3(n) -- n2/4 + 3n/2 + 9; 
(c) t fn  =- 3 rood 4 then F3(n) -- nZ/4+3n/2+ ~. 
It was proved by Clarkson et al. [5] (see also [3]) that the above bounds can be 
reduced to roughly O(n 3/z) if no three points lie on a line. 
2. Proofs 
Let the furthest neighbour graph of X be defined as a directed graph G(X) on the 
vertex set X, where xi---~j is an edge whenever xj is at maximal distance from xi. In this 
case we call the ordered pair (xi,xj) a furthest neiohbour pair. Let E(G(X)) denote 
the edge set of  G(X). Now F3(n) = max{lE(G(X))] : IX] = n, Y C R3}. We call a set 
X optimal if [E(G(X)) I = F3(n). The proof is based on the following two statements: 
Lemma 1. Every optimal set X (IX I = n, n>~no) is a suspension. 
Lenuna 2. Let X be an optimal set of n points. Then c is odd, and Xc forms a regular 
c-gon. The points of X~ are on a (closed) segment plql, such that the distance between 
pz and C is the same as the length of the largest diagonal of the c-gon. Furthermore 
ql is at the same distance from pl as from C. The optimal values of c are as follows: 
(a) / fn=4k+2 or n = 4k + 3 for some k then c = 2k + 3; 
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(b) i fn - -4k+l fo rsomek then c = 2k + l or c - -2k+3;  
(c) if n --- 4k for some k then c = 2k + 1. 
For the proof of these lemmas we use the following two claims from [2]: 
Claim 1. Let X be an optimal set of n points. Then there is an integer no such that 
if n >>-no then X contains a suspension of n -  14 points. 
Claim 2. I f  X is an optimal set of n points then it has two points P2 and q2 on its 
axis such that each of them has at least n/3 furthest neighbours on the circle. 
Proof of Lemma 1. Let X be an optimal set of n points (n>~no). Suppose for contra- 
diction that X is not a suspension. Let T=X-Xa-Xc ,  then by Claim l, IT[ = t~< 14. 
Let Pl and ql denote the extreme points of Xa (Fig. 1 ). No point of X, between 
Pl and ql can be a furthest neighbour of any p E X. Let P2 (q2)  denote the closest 
point of Xa to Pl (ql) such that all points of Xc are its furthest neighbours. By 
Claim 2, p2 ~ q2. 
Clearly the elements of Xc are furthest neighbours of any point of X~ between p2 
and q2. Now if we move all points of X~ that are different from Pl and ql and not 
lying between P2 and q2 to the segment PEq2, then they will have at least c furthest 
neighbours instead of at most t + 2. This is a gain on the number of edges of G(X) if 
c> 16 (n> 48). So we can assume that all points of Xa are between P2 and q2 (except 
for Pl and ql ). 
We will prove that we can increase IE(G(X))I by moving the points of T to the 
suspension. We do it by counting the number of edges of G(X) incident to T. 
Let p E T. The points at maximal distance from p are on a sphere. Clearly, at most 
two points of A'~, at most two points of Xa and t -  1 elements of T can belong to this 
sphere. So the outdegree of p in G(X) is at most t + 3 and the total number of edges 
leaving T cannot exceed 
t(t + 3)~< 14- 17 = 238. 
Next we bound the number of edges directed from Xa to T. Let Xf := Xa - 
{pl,q~}. All points of X~ are furthest neighbours of every element of X*. I f  any point 
p E T were at maximal distance from two points Xl,X2 c X* then it would lie in the 
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intersection of two spheres centred at xl and x2 and hence also on their common circle, 
which is C. But p is not on the suspension. So p can be at maximal distance from 
at most one point of X*, and possibly from Pl and q~. So each p E T is at maximal 
distance from at most 3 points of Xa. Thus there are at most 
3t ~< 42 
directed edges from Xa to T. 
Case (a): There are more than 280 points of Xc such that they do not have all the 
points of T as furthest neighbours (from now on in short 'FNs'). 
In this case there are at most tc -281 edges from X~ to T. So altogether the number 
of the incoming and outgoing edges of T are at most 
238+42+(tc -281)=tc -1 .  
Now by moving the points of T onto A and placing them between p2 and q2, such 
that the points of Xc are at maximal distance from them, we would get at least tc edges 
incident to the points of T. This is a gain by at least one on the number of edges of 
G, which is a contradiction. 
Case (b): There exists Xc, CXc such that ]Xc~ [ = Cl >~c - 280 and all points of T 
are FNs of all points of Xc~. Pick any to E T. 
Clearly every point of Xc, can have at most 2 FNs on the circle. We will prove that 
the number of FN pairs among the points of X~, is at most ~cl .  Let us pick now any 
rl E Xc, which has 2 FNs among the points of X~. (If there is no such point, then 
we are done.) Let r2 and r3 denote its FNs, and let d(rl,r2) = d(rl,to) = dj. We are 
going to assign to rl another point of X~,, which has only one FN among the points 
of X~,. 
If all &, r2, and r3 are on the same semicircle of C, then r2 cannot have any 
neighbour (other than r3) at a distance of at least d(r2, r3), because then it would be 
further from rl than r3. So in this case r2 has only at most one FN on the circle. Thus 
let us assign 1"2 to rl. 
Otherwise O (the centre of C) is inside the rlr2r3 triangle. Now to cannot be at 
distance dl from each of these three points, since to is not on the axis A. So we can 
suppose that d(to, r2) = d2 ~ dl, but this implies d2 >d l  because to is the FN of t"2. 
If  now r2 has at most one FN among the points of Xc~, then let us assign r2 to rl. 
If it has two FNs then denote r2's reflection with respect o O by r~, and then one 
of the FNs of r2 should be on the same r2r~ arc as rl. Let us denote it by r4, and let 
r~ be its reflection with respect o O. Now rl and r2 are on the same r4#4 arc. Clearly 
the shorter 2r4 arc contains & (Fig. 2). 
I f  r4 has any FN other than r2 (say rs), then it should be on the longer r2r4 arc, 
and hence not on the shorter lr2 arc. Both r4 and r5 cannot be on the shorter lr3 arc, 
because d(r4,rs) > d(rl, r3). So one of them should be on the shorter 2r3 arc, thus 
further from rl than dl, which is a contradiction. So r4 has at most one FN. Thus let 
us assign r4 to rl. 





We have shown that we can assign to each point which has two FNs, another (its 
FN or its FN's FN) which has only one FN (among the points of X~). Any p C X, 
can be the FN of at most two points of Xc,, because all those points have p and to as 
their FNs, so they are on the perpendicular bisector plane of the top segment and its 
intersection with C is only two points. So this shows that we can assign each point 
of Xc~ to at most 4 + 2 = 6 other (2 'parents' and 4 'grandparents'). So if we have k 
points with 2 FNs, then we have at least k/6 with at most one FN. Thus at least cl/7 
of the points of Xc, have at most one FN. Thus among the points of Xc, there are at 
most 
26el cl 13cl 
7+7-  - 
furthest neighbour pairs. 
Any point of Xc-Xc~ can be the FN of at most 2 points of Xc, (by the same 
argument as before), which gives 2 (c -  Cl ) pairs. Clearly every point of X~ -Xc, can 
have at most 2 FN's on C (which gives another 2(C-Cl) pairs), so in Case (b) among 
the points of Xc there are at most 
2 (c -  cl) + 2(c -  c l )+- -  - 13Cl _ 2(c - cl) + 1 13 13Cl 7 ~(c - cl) + ~-(c - cl) + ~- -  
1 13c 13c 
~2.280+f f .280+ ff =600+ 7 
FN pairs. 
Now by moving the points of T onto A and placing them between P2 and q2, such 
that the points of Xc are at maximal distance from them, we would gain tc edges. By 
rearranging the points on C such that they form a regular c-gon (or a regular (e -  1 )- 
gon +1 point anywhere when c is even), we gain at least additional 2c -  2 edges. Our 
total loss is at most 238 + 42 + tc (the number of edges which were incident o T) 
plus 600 + ~c  (the edges among the points of Xc). Since 
13c c 
238+42+tc+600+ ff =tc+(2c -2)+882- -~ < tc+(2c -2)  
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(if n is large enough) by the above transformation we would get a better arrangement, 
which is a contradiction. 
By getting a contradiction i  both cases we have proved Lemma 1. [] 
Proof of Lemma 2. Let X be an optimal set of n points. By Lemma 1, X is a 
suspension. By the arrangement given in Lemma 2, among the points of Xc, when c 
is odd there can be 2c furthest neighbour pairs (given by a regular c-gon). When c is 
even there can be 2c - 2 furthest neighbour pairs (the vertices of a regular (c - 1 )-gon 
+1 point anywhere). If the most frequent distance among the points of Arc is d, then 
at least c - 2 (or c when c is odd) of them have their furthest neighbour (among the 
points Of Xc) at distance d. Thus if Pl is at distance d from the points of Xc then the 
points of Arc have altogether at least 2c -  2 + (c -  2) = 3c -  4 furthest neighbours. The 
furthest neighbours of the points of Xa are the c points of X~ (and ql has pr as well). 
That gives (n -  c)c + 1 pairs. Thus in the described case there are at least 
(n - c)c + 3c - 3 ( 1 ) 
furthest neighbour pairs. We prove that we cannot get more by any arrangement. Let 
Pl and ql denote the extreme points of Xa. 
Claim 3. The arrangement, when pl and ql are both at maximal distance from some 
points o f  the circle, is not better than the above (described in Lemma 2). 
Proof of Claim 3. This can only happen when Pt and ql are at the same distance 
from the centre of the circle C. Let the radius of the circle be 1. 
(1) If IPlqll > ~,  then Pl and ql are further from each other than from C. So they 
are the furthest neighbours of each other: that gives two pairs. The furthest neighbours 
of the other points of the axis can be the c points on the circle, and two of them can 
have Pl and ql as well. That gives (n -  c -  2)c + 2 pairs. The points of the circle can 
have 4 furthest neighbours (2 on the circle, Pl and ql ), which are 4c pairs. Altogether 
we have 
2 + (n -  c -  2)c + 2 +4c  = (n -  c)c + 2c + 4 
pairs, which is smaller than (1) when c > 7 (n > 21). 
(2) If Iplqll~-~ let d denote the distance of pl and ql from C (d~<~ also). If 
the average number of the furthest neighbours of the points of the circle is not more 
than 2, then it can be seen easily that this arrangement is worse than the above. So 
let us suppose that there is an s E Xc which has at least 3 furthest neighbours. That 
can only happen when Pl and ql and a third t point (on the circle) are its furthest 
neighbours (Fig. 3). 
Let t' E C (t' ~ t) such that [st' I = Ist I. Now if there is a point of X~ on the 
(smaller) st' arc, then that is further from t than tpl = tql = d. So t has exactly 1 
furthest neighbour, because the longer t f  arc is empty. Thus for every point which 
has 3 or 4 furthest neighbours, there is a unique pair which has only 1. The only case 
G. Csizmadia/Discrete Mathematics 150 (1996) 81 88 87 
s 
Fig. 3. 
when this does not work is when the st r arc is empty, but then all the points of X~ 
are on the (smaller) st arc of the circle, so this can only happen in the case of two 
points. So two points can have 3 furthest neighbours, but the average of the others is 
only 2.5. This is a maximum of 2.5c + 1 pairs. The points of  Xa can have at most 
(n - c)c + 2 furthest neighbours, and we get 
(n -c )c+2.5c+3 < (n -c )c  + 3c -  3 
whenever c > 12 (n > 36). Thus Claim 3 is proved. [] 
Let pj and ql be the leftmost and rightmost points of the axis. Clearly the best 
arrangement is when one of them (p l )  is at maximal distance from some points of 
the circle (and ql is not, by Claim 3). Then there is a q* place which is at the same 
distance from C as from Pl. 
Claim 4. ql should be at q*. 
Proof of Claim 4. If pl is further from ql than from q*, then the only furthest 
neighbour of ql is Pl. If we move ql to the Plq* segment hen ql will have c furthest 
neighbours o we gain c -  1 furthest neighbours. 
If pl is closer to q~ than to q*, and if we move q~ to q*, then we raise the number 
of its furthest neighbours from ¢ to c + 1. So Claim 4 is true. [] 
Let us examine the optimal arrangement on the circle. There, every point can have 
at most 2 furthest neighbours on the circle, and they can have exactly 2 when c is 
odd and when they form a regular c-gon. In the case when c is even, we need the 
following claim. 
Claim 5. Let X be a set o f  2k points on a circle. Then there are less than 4k furthest 
neighbour pairs among them. 
This claim was proved by Edelsbrunner and Skiena [6]. Thus for odd c this arrange- 
ment gives c(n - c) + 3c + 1; for even c at most c(n - c) + 3c furthest neighbour 
pairs. The rest of Lemma 2 ((a), (b), and (c) sections) will be proved together with 
the Theorem. 
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Proof of the Theorem. The arrangement, described in Lemma 2, for odd c gives 
c(n -c )+3c+ 1; for even c it gives at least c(n -c )+3c-  3 furthest neighbour pairs. 
To get the maximum of this, we should maximize 
c(n -  c) + 3c : (n + 3)c -  c 2. 
This is maximal at 2c = n + 3, c -- (n + 3)/2. By an easy calculation we can get 
that even if in the c = 2k case we have c(n - c) + 3c furthest neighbour pairs, the 
c -- 2k + 1 cases would be optimal. In particular, 
(a) ( i) if n = 4k for some k then c - -  2k + 1 and F3(n) = n2/4 + 3n/2 + 3; 
(ii) i f  n = 4k +2 for some k then c = 2k + 3 and F3(n) = n2/4 + 3n/2 + 3; 
(b) i fn=4k+l  for somek then c - -2k+ 1 or c=2k+3 and F3(n)=n2/4  + 
3n/2 ÷ 9; 
(c) i f  n = 4k + 3 for some k then c = 2k + 3 and F3(n) = n2/4 + 3n/2 + ~. [] 
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